The construction of effective Lagrangians commonly involves the application of the 'classical equation of motion' to eliminate redundant structures and thus generate the minimal number of independent terms. We investigate this procedure in the framework of chiral perturbation theory. The use of the 'classical equation of motion' is interpreted in terms of field transformations. Such an interpretation is crucial if one wants to bring a given Lagrangian into a canonical form with a minimal number of terms. We emphasize that the application of field transformations not only eliminates structures, or, what is equivalent, expresses certain structures in terms of already known different structures, but also leads to a modification of coefficients of higher-order terms. This will become relevant, once one considers effective interaction terms beyond next-to-leading order, i.e., beyond O(p 4 ).
I. INTRODUCTION
Effective field theory calculations have been used in different areas of particle physics. Applications include chiral perturbation theory [1] [2] [3] where the approximate chiral symmetry of the underlying QCD Lagrangian is mapped into a systematic momentum expansion of the interaction between the low-energy degrees of freedom, namely the Goldstone bosons of spontaneous chiral symmetry breaking. An extension of chiral perturbation theory which includes the low-lying baryon states has been performed by several authors [4] [5] [6] . Another example involves the treatment of the weak interaction in processes where the external momenta are much smaller than the mass of the W boson (see Ref. [7] and references therein). Under these circumstances S-matrix elements may be expanded in terms of the ratio p 2 /M 2 W
and an effective Lagrangian approach is convenient to represent such an expansion. A further application is concerned with the effects on observables at presently available energies of heavy particles beyond the standard model [8, 9] . All the above examples have in common that at a certain point in the construction of the most general structures of the effective Lagrangian use of the 'classical equation of motion' is made in order to eliminate redundant structures (see, e.g., Refs. [2, 3, 10, 11] ). A thorough discussion on the formal aspects including, in particular, the relation between the 'classical equation of motion' and field transformations can be found in Refs. [7] [8] [9] 12, 13] . The basic motivation for the use of field transformation is the equivalence theorem which states that observables should not depend on the specific choice for the interpolating field [14] [15] [16] .
In this work we concentrate on practical aspects of applying field transformations in the framework of chiral perturbation theory. Concerning the formal justification of using field transformations in effective theories we refer the reader to Refs. [9, 13] . Firstly, we identify the relevant properties of field transformations for the specific case of chiral perturbation theory. Then we make contact with the use of the 'classical equation of motion' as a means to eliminate redundant structures in the construction of the most general chiral Lagrangian. Part of this discussion has already been outlined in Ref. [12] .
Secondly, we address the question how to bring a given effective Lagrangian into a canonical form, i.e., a form with the minimal number of independent terms. This issue is of practical importance since an effective Lagrangian obtained from, say, the bosonization of an effective quark model action, is in general not in a canonical form. In order to allow for an easy comparison between the predictions of different models it is most convenient to bring the effective Lagrangian into a generally accepted canonical form. For example, at O(p 4 ) the commonly used standard is the one by Gasser and Leutwyler [3] .
The formal procedure turns out to be very similar to the Foldy-Wouthuysen transformation [17, 18] where a sequence of transformations is applied in order to bring a Dirac Hamiltonian into a block-diagonal form up to a given order in the 1/M expansion. The analogy in chiral perturbation theory is a sequence of transformations which removes redundant terms up to a given order in the momentum expansion. In both methods it is crucial to consistently keep all terms up to and including the desired final order at each step in the iteration process.
II. THE CHIRAL LAGRANGIAN AND FIELD TRANSFORMATIONS
In the momentum expansion a chiral Lagrangian is written as a sum of terms with an increasing number of covariant derivatives, external fields (including quark mass terms), and field strength tensors,L = L 2 +L 4 +L 6 + . . . .
(2.1)
For the moment, we assume that the chiral Lagrangian is not yet in a canonical form, which we define to be a form with a minimal number of independent structures at a given order. We denote a non-canonical form byL. The lowest-order term in Eq. (2.1) is, up to a total derivative, unique [3] and we may thus omit the tilde,
where φ(x) is a traceless, hermitian 3 × 3 matrix containing the eight Goldstone bosons (π, K, η), D µ is a covariant derivative, F 0 is the pion decay constant in the chiral limit, and χ, eventually, contains the quark masses (for details see Ref. [3] [3] . Use of the 'classical equation of motion', i.e., the one obtained from L 2 , was made to eliminate two additional structures at O(p 4 ). In the following we will interpret this procedure in terms of field transformations [8, 12, 15, 16] .
Suppose we want to perform a field transformation where we demand the same properties of another 'interpolating field' U ′ (x) as of U(x), namely, both are SU(3) matrices and transform under the group (G = SU(3) L × SU(3) R ), parity, and charge conjugation, respectively, according to
3)
3) V L and V R are independent SU(3) matrices representing group elements of G. Since both, U and U ′ , are supposed to be SU(3) matrices, they can be related through
where S = S † , and T r(S) = 0. The generator S may, in general, depend on all building blocks which are required for the construction of the chiral Lagrangian. The properties of U and U ′ , Eq. (2.3), result in the following requirements for S:
For example, two such generators exist at O(p 2 ) in the momentum expansion (denoted by the subscript 2 of S) 1 :
where α 1 and α 2 are arbitrary real parameters. Note that
. .. We are somewhat sloppy since we denote this dependence collectively by the symbol U ′ . Let us now investigate the change in the functional form ofL due to the field transformation. After inserting Eq. (2.4) into Eq. (2.1) the result can be expanded as
where the superscripts denote the power of S (or D µ S, . . .). Furthermore, each term of Eq. (2.7) may be decomposed according to its origin in the momentum expansion,
For example, the lowest-order change is given by
In the following we do not assume that Eq. (2.10) is identical to zero, even though it has the functional form of the 'classical equation of motion' derived from Eq. (2.2) [3] . 
11)
2 In the following we deliberately omit total-derivative terms, since they do not modify the equation of motion.
3 We adhere to the commonly used convention for the classical equation of motion (see Eq. (5.9) of Ref. [3] ), even though, from a formal point of view, it is more natural to use the hermitian combination i
where we do not need to present the explicit form of L This situation is often interpreted in the following manner (see, e.g., Refs. [10, 20] ). The equation of motion in the presence of higher-order terms can be written as
Inserting Eq. (2.12) into Eq. (2.11) and dropping terms which are of O(p 6 ) generates L GL 4 (U). However, even though this argument is intuitively appealing and correct at this order, it also contains a potential source of error, as soon as one tries to apply it in the presence of higher-order structures. We will discuss this point in more detail below.
It is straightforward to extend the use of field transformations to higher-order terms. Suppose the higher-order Lagrangian contains a chirally invariant structure of the type 14) in order to replace the original expression in terms of two structures which one anyway has to consider 5 . However, at this point one should carefully distinguish between the following two situations which are of practical interest. The first regards the pure identification of terms necessary for the construction of the most general chiral Lagrangian. For this purpose it is completely sufficient to use the 'classical equation of motion' in the sense of Eq. (2.14). This 4 For convenience we use the same symbol U in both Lagrangians. 5 At present we cannot exclude the possibility that in some cases it might be advantageous to reverse the direction of the arrow in Eq. (2.14), i.e., to perform the replacement the other way around.
can be understood as follows [8] . Even though a suitable field transformation containing a generator of O(p 2m ) not only removes or reexpresses a term at O(p 2m+2 ) but also modifies the interaction terms at O(p 2m+4 ) and higher, this modification concerns the coefficients of structures which one anyway has to consider in the construction of the most general Lagrangian. As long as one is not yet interested in the specific values of these coefficients, one can freely make use of Eq. (2.14) to reduce the number of structures.
A different and more complicated situation occurs if one actually wants to bring a given non-canonical form of a chiral Lagrangian into a canonical form. Non-canonical forms typically arise in effective Lagrangians which are obtained after bosonization of an effective QCD inspired quark interaction [21] [22] [23] [24] . For the purpose of comparing different effective Lagrangians it is most convenient to bring them into a commonly accepted standard form and to simply compare the predictions for the coefficients. For example, at O(p 4 ) it is standard practice to use the canonical form of Gasser and Leutwyler [3] .
In the following we will discuss the issue of transforming chiral Lagrangians beyond O(p 4 ) into a canonical form. For practical purposes we restrict our discussion to terms up to O(p 6 ). Clearly, an extension to higher orders is straightforward, but very tedious. Suppose one starts with predictions for the coefficients of a LagrangianL = L 2 +L 4 +L 6 , whereL 4 is not yet in the form of the Lagrangian of Gasser and Leutwyler. In addition,L 6 may not yet be in the canonical form.
A naive application of the equation of motion argument, namely, a replacement according to Eq. (2.14) will not yield the correct result, i.e., it will not generate an equivalent Lagrangian which reproduces the same S-matrix elements as the original Lagrangian. The reason is that even though the replacement using Eq. (2.14) produces the required structures, it does not automatically give the correct coefficients. To be specific, the transformation procedure using S 2 as described following Eq. (2.11) results in the following Lagrangian at ). At first sight this looks surprising as one appears to use the same method as before. However, there is a fundamental difference between applying Eq. (2.12) to Eq. (2.11) and the corresponding replacement using Eq. (2.18). In the first case information of L 2 is used in the higher-order termL 4 , whereas in the second case one tries to put back 'information' derived fromL 4 into the same term. We will illustrate this point in a simple toy model [7] in the Appendix.
We now describe a systematic procedure which consists of successively applying transformations with generators where the order in the momentum expansion increases with each iteration. Let 2N denote the maximal order of a given non-canonical chiral Lagrangiañ
which we want to bring into a canonical form up to the same order. Prior to the first iteration step one brings, by suitably adding and subtracting terms, the O(p 4 ) LagrangianL 4 into the form of Eq. (2.11) and identifies the coefficients c 1 and c 2 . The first transformation EOM (see Eq. (2.13)). One then applies the transformation
with a suitable choice of S 4 . The resulting Lagrangian is canonical up to O(p 6 ). Clearly, one has to perform N − 1 iterations in order to obtain a canonical Lagrangian up to O(p 2N ). At each step it is essential to consistently keep all the terms δ
denotes the interpolating field after the mth transformation. Only at the final iteration step is it allowed to simply perform the replacement according to Eq. (2.14). The reason is that the last transformation only removes terms which are proportional to the 'classical equation of motion' and modifies higher-order terms which one is not interested in. This is essentially the reason why the simple application of Eq. (2.14) to the O(p 4 ) Lagrangian led to the correct answer up to O(p 4 ). We note the similarity of the algorithm to the Foldy-Wouthuysen method [17, 18] which is used to transform a Dirac Hamiltonian to a block-diagonal form up to a finite order n in 1/M. It is well-known from this method that at each iteration step one consistently has to keep all terms up to order n in the interaction Hamiltonian. This is required to generate S-matrix elements which are equivalent up to order n in the 1/M expansion.
III. SUMMARY
We considered the use of field transformations for eliminating redundant structures in the framework of chiral perturbation theory. After stating the formal requirements for field transformations we derived the change in the functional form of the effective Lagrangian. In particular, we showed that for the purpose of identifying redundant terms, it is sufficient to make use of a simple replacement involving the 'classical equation of motion'. However, we explicitly demonstrated that this procedure is, in general, not suited to transform a given non-canonical Lagrangian into a canonical form. The reason is that it does not provide the quantitative change of the coefficients which multiply the independent structures. We described an iterative algorithm similar to the Foldy-Wouthuysen method which transforms a non-canonical into a canonical form up to any desired order in the momentum expansion.
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APPENDIX A: TOY MODEL
As an instructive example let us consider the following toy model [7] . The lowest-order Lagrangian L 0 is taken to be the sum of two free Lagrangians of a massive scalar particle and a massless fermion, respectively,
We introduce an effective interaction describing the decay of the scalar particle into a fermion-antifermion pair,
where the coupling constant g ef f has the dimension energy −2 . For example, with the above Lagrangian the invariant amplitude for fermion-fermion scattering,
where
2 are the Mandelstam variables [25] . Of course, the effective Lagrangian will contain interaction terms being of higher than first order in g ef f , which may contribute to the scattering amplitude. However, for the point we want to make, a knowledge of the explicit form of such terms is not required. Now let us consider the transformation method. If we introduce Φ = χ + δχ, the Lagrangian may be written as
where we dropped an irrelevant total derivative. For the choice δχ = g ef fΨ Ψ the terms −δχ2χ and g ef fΨ Ψ2χ precisely cancel, and we are left with the Lagrangian
The Lagrangian of Eq. (A5) is identical with the one obtained in Ref. [7] where, however, a different procedure has been used to derive a 'reduced' effective Lagrangian yielding the same on-shell matrix elements. Clearly, for an effective interaction term, L
ef f (Φ), which is already of order g 2 ef f , one finds
and thus the same contribution results from such a term at order g 2 ef f in both representations. This is the reason why we did not explicitly specify the form of the higher-order Lagrangian.
If one wants to investigate processes at order g 2 ef f , it is essential to consistently keep terms in the transformation up to that order. In order to see this we consider the scattering amplitude of two fermions at order g 
and the sum of the two contributions is the same as Eq. (A3). It is important to realize that the contact term results from two different sources. The first is a quadratic change in L 0 and the second is a first order change in L ef f . Only if one consistently keeps both terms, does one reproduce the correct answer. A naive replacement in Eq. (A2) using the 'classical equation of motion' (EOM) for Φ derived from L 0 ,
leads to incorrect results for S-matrix elements at order g 2 ef f since it does not generate the contact terms at order g 
to reexpress 2Φ in L ef f , and then work with the new Lagrangian. However, even though this method generates a contact term at order g
